Via the linking theorem, the existence of nontrivial solutions for a nonlinear elliptic Dirichlet boundary value problem with an inverse square potential is proved.
Introduction
This paper is concerned with the existence of nontrivial solutions to the following problem:
u(x) = 0 on ∂Ω,
where 0 ∈ Ω ⊂ R N (N ≥ 3) is a bounded domain with smooth boundary, 0 ≤ μ < μ = ((N − 2)/2) 2 , and μ is the best constant in the Hardy inequality:
(cf. [3, Lemma 2.1]), 2 < p < 2 * , where 2 * = 2N/(N − 2) is the so-called critical Sobolev exponent and λ > 0 is a parameter.
Finally, in Theorem 1.3 we prove, for small λ > 0, the existence of a solution to
2 Solutions for a nonlinear elliptic Dirichlet BVP
In the case μ = 0, problem (1.1) has been studied extensively. For example, when p = 2 * , Capozzi et al. [1] have shown that (1.1) has at least one positive solution for N ≥ 5. When 2 < p < 2 * , the existence of positive solutions of (1.1) has been shown in [5, Chapter 1] .
Our results are the following. This paper is organized as follows. In Section 2, we give some preliminaries. Section 3 is devoted to the proof of Theorem 1.1. The proof of Theorem 1.3 is contained in Section 4.
Notations and preliminaries
Throughout this paper, c, c i will denote various positive constants whose exact values are not important. H 1 0 (Ω) will be denoted as the standard Sobolev space, whose norm · is deduced by the standard inner product. By | · | p , we denote the norm of L p (Ω). All integrals are taken over Ω unless stated otherwise. On H 1 0 (Ω), we use the norm
It follows from the Hardy inequality that the norm · μ is equivalent to the usual norm
with the norm · μ is simply denoted by H. By using the critical point theory, we define the action function on H:
It is well known that a weak solution u ∈ H 1 0 (Ω) of (1.1) is precisely a critical point of J μ . That is,
The following definition has become standard. Now we will prove that J μ satisfies (PS) condition, which is contained in the following two lemmas.
Choose 2 < q < p, and let ϕ = u n in (2.5). For n large enough,
.3. Under the assumption of Lemma 2.2, {u n } possesses a convergent subsequence in H.
Proof. By Lemma 2.2, going if necessary to a subsequence, we can assume that
It is clear that
It follows from the Hölder inequality that
(2.10)
Thus we have proved that u n − u μ → 0, n → ∞.
Proof of Theorem 1.1
In this section, we will prove Theorem 1.1 via the following linking theorem from Rabinowitz [5, Theorem 5.3 ] (see also [6] ). 
where
then c is a critical value of I and c ≥ α. To continue our discussion, we may assume that there is k such that λ k ≤ λ < λ k+1 , where λ k is the kth eigenvalue of the operator (− − μ/|x| 2 ) with Dirichlet boundary condition (see [2, 4] Now we will show that J μ satisfies (i), (ii) in Proposition 3.1 in our situation.
